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Part 1: Integrable systems and algebraic curves

KP Solitons from Tropical Limits (2023). Daniele Agostini, Claudia Fevola, Yelena 
Mandelshtam, and Bernd Sturmfels. Journal of Symbolic Computation 114 282-301.

Hirota Varieties and Rational Nodal Curves (2022). Claudia Fevola and Yelena 
Mandelshtam. ArXiv:2203.00203. Submitted to Journal of Symbolic Computation.

https://arxiv.org/abs/2203.00203


The Schottky problem: characterising Jacobian varieties of genus    curves 
among all abelian varieties of dimension 

g
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The Schottky problem: characterising Jacobian varieties of genus    curves 
among all abelian varieties of dimension 

g
g

ℳg ⟶ 𝒜g

{smooth curves of genus g}/∼

dim(ℳg) = 3g − 3 = 3,6,9,12,…

dim(𝒜g) = (g + 1
2 ) = 3,6,10,15,…

Farkas, Grushevsky, Igusa, Salvati Manni, …. 


{abelian varieties of dimension g}/∼

2

X ⟼ Jac(X) = ℂg/(ℤg+ ⋅ℤg)

∈ ℌg = {B ∈ 𝕊g(ℂ) | im(B) ⪰ 0}

B

B
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Definition: The Riemann theta function is the complex analytic function 

θ(z | B) = ∑
c∈ℤg

exp [πicTBc + 2πicTz], z ∈ ℂg

B ∈ ℌg
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Definition: The Riemann theta function is the complex analytic function 

z ∈ ℂg

B ∈ ℌg

A matrix               comes from a Jacobian if and only if there are vectors                                  such 
that the function 


gives a solution to the KP equation 


for any  

B ∈ ℌg u, v, w ∈ ℂg, u ≠ 0

p(x, y, t) = 2∂2
x log θ(ux + vy + wt + d | B)

∂
∂x (4pt − 6ppx − pxxx) = 3pyy

d ∈ ℂg .

Theorem (Krichever - Shiota):

3

θ(z | B) = ∑
c∈ℤg

exp [πicTBc + 2πicTz],



Let     be a curve defined over a non-archimedean field    , i.e.  𝕂 ℚ(ϵ), ℂ{{ϵ}}X

ϵ → 0



Let     be a curve defined over a non-archimedean field    , i.e.  𝕂 ℚ(ϵ), ℂ{{ϵ}}X

θ(zε | Bε) = ∑
c∈ℤg

exp [ 1
2

cTBεc + cTzε] θ𝒞(z) = ∑
c ∈ 𝒞 ⊂ ℤg

|𝒞 | = m < ∞

ac exp[cTz]⟶

ϵ → 0

4 Soliton waves



To each oriented metric graph                   we assign its tropical Riemann matrix        

H1(Γ, ℤ) = ⟨γ1, …, γg⟩

Γ = (V, E)

L :=
⋯ γ1 ⋯
⋯ ⋮ ⋯
⋯ γg ⋯

∈ ℤg×|E|

D :=
l1

⋱
l|E|

∈ ℤ|E|×|E|

Q := LDLT

Q
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H1(Γ, ℤ) = ⟨γ1, …, γg⟩

Γ = (V, E)

L :=
⋯ γ1 ⋯
⋯ ⋮ ⋯
⋯ γg ⋯

∈ ℤg×|E|

D :=
l1

⋱
l|E|

∈ ℤ|E|×|E|

Q := LDLT

Q

Example 

L := [1 −1 0
0 1 −1] ∈ ℤ2×3

D := [
2

2
2] ∈ ℤ3×3

2

2

2

e1

e3

e2

Q := [ 2 −2
−2 4 ] ∈ ℤ2×2

Let X = V(y2 − f(x))

f(x) = (x − 1)(x − 1 − ϵ)(x − 2)(x − 2 − ϵ)(x − 3)(x − 3 − ϵ)

5



Let 

              

= z +
1
ϵ

Qa, = −
1
ϵ

Q + R(ϵ)a ∈ ℝg,

lim
ϵ→0

θ(zϵ, Bϵ) = lim
ϵ→0 ∑

c∈ℤg

exp[−
1
2ϵ

cTQc +
1
ϵ

cTQa] ⋅ exp[ 1
2

cTR(ϵ)c + cTz]

zϵ Bϵ
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Theorem (Agostini, F., Mandelshtam, Sturmfels):  
Fix     in the Voronoi cell of the tropical Riemann matrix    , then

              

lim
ϵ→0

θ(zϵ, Bϵ) = ∑
c∈𝒞

ac exp[cTz]

a Q

ac = exp[ 1
2

cTR(0)c]where

𝒞 = 𝒟a,Q

Let 

              

= z +
1
ϵ

Qa, = −
1
ϵ

Q + R(ϵ)a ∈ ℝg,

lim
ϵ→0
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Definition: The Hirota variety         consists of all points                                                      such that                                                                                                                               ℋ𝒞 (a, (u, v, w)) ∈ (𝕂*)m × 𝕎ℙ3g−1

θ𝒞(ux + vy + wt) gives a solution to the KP equation.  

ℋI
𝒞 := {(a, (u, v, w)) ∈ ℋ𝒞 : u ≠ 0}
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Definition: The Hirota variety         consists of all points                                                      such that                                                                                                                               ℋ𝒞 (a, (u, v, w)) ∈ (𝕂*)m × 𝕎ℙ3g−1

θ𝒞(ux + vy + wt) gives a solution to the KP equation.  

ℋI
𝒞 := {(a, (u, v, w)) ∈ ℋ𝒞 : u ≠ 0}

Remark: Studying          provides a new approach 
to the Schottky problem for nodal curves                                                                                               

ℋI
𝒞 Combinatorial 

Schottky problem 

n1

ng

n2
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Part 2: Particle physics and very affine varieties

Likelihood Degenerations (2023). Daniele Agostini, Taylor Brysiewicz, 
Claudia Fevola, Lukas Kühne, Bernd Sturmfels, and Simon Telen. Advances in 
Mathematics 414 108863.

Vector Spaces of Generalized Euler Integrals (2022). Daniele Agostini, 
Claudia Fevola, Anna-Laura Sattelberger, and Simon Telen. ArXiv:2208.08967. 
Submitted to Communications in Number Theory and Physics.


https://arxiv.org/abs/2208.08967


Generalised Euler Integrals [GKZ]

∫Γ
f s xν dx

x
= ∫Γ

ℓ

∏
j=1

f sj
j ⋅ (

n

∏
i=1

xνi
i ) dx1

x1
∧ ⋯ ∧

dxn

xn

x = (x1, …, xn) ∈ (ℂ*)n

f = ( f1, …, fℓ) ∈ ℂ[x, x−1]ℓ

s = (s1, …, sℓ) ∈ ℂℓ, ν = (ν1, …, νn) ∈ ℂn

Γ ∈ Hn(X, ω), where ω = dlog( f sxν)

X := { x ∈ (ℂ*)n | f1(x)⋯fℓ(x) ≠ 0 } = (ℂ*)n ∖ V( f1⋯fℓ)

8



Generalised Euler Integrals [GKZ]

∫Γ
f s xν dx

x
= ∫Γ

ℓ

∏
j=1

f sj
j ⋅ (

n

∏
i=1

xνi
i ) dx1

x1
∧ ⋯ ∧

dxn

xn

x = (x1, …, xn) ∈ (ℂ*)n

f = ( f1, …, fℓ) ∈ ℂ[x, x−1]ℓ

s = (s1, …, sℓ) ∈ ℂℓ, ν = (ν1, …, νn) ∈ ℂn

Γ ∈ Hn(X, ω), where ω = dlog( f sxν)

X := { x ∈ (ℂ*)n | f1(x)⋯fℓ(x) ≠ 0 } = (ℂ*)n ∖ V( f1⋯fℓ)

Feynman integrals:                                                                                           ℓ = 1, f = Graph 
polynomial 

Appendix: Feynman integrals for mathematicians
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VΓ := Spanℂ{[Γ] ⟼ ∫Γ
f s+a xν+b dx

x }
(a,b) ∈ ℤℓ×ℤn

Vector spaces of GeneralisedEulerIntegrals

Twisted (co)homology
Mastrolia, Mizera


9



VΓ := Spanℂ{[Γ] ⟼ ∫Γ
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x }
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Mellin transform
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VΓ := Spanℂ{[Γ] ⟼ ∫Γ
f s+a xν+b dx

x }
(a,b) ∈ ℤℓ×ℤn

Vs,ν := Spanℂ(s,ν){(s, ν) ⟼ ∫Γ
f s+a xν+b dx

x }
(a,b) ∈ ℤℓ×ℤn

Vc* := Spanℂ{c ⟼ ∫Γ
f(x; c)s xν dx

x }
[Γ]∈Hn(X,ω)

Vector spaces of GeneralisedEulerIntegrals

Twisted (co)homology

Difference operators

and


Mellin transform

GKZ systems 

9

Mastrolia, Mizera


Bitoun, Bogner, Klausen, Panzer 

Matsubara-Heo, Chestnov, …




Let                                                be Laurent polynomials with fixed monomial supports and generic 
coefficients. Consider                    with generic choices of parameters each. Then 


 

 

f = ( f1, …, fℓ) ∈ ℂ[x, x−1]ℓ

VΓ, Vs,ν, Vc*

dimℂ(VΓ) = dimℂ(s,ν) Vs,ν = dimℂ(Vc*) = (−1)n ⋅ χ(X) .

Topological Euler 
characteristic                                                                                           

Theorem (Agostini, F., Sattelberger, Telen):
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Let                                                be Laurent polynomials with fixed monomial supports and generic 
coefficients. Consider                    with generic choices of parameters each. Then 


 

 

f = ( f1, …, fℓ) ∈ ℂ[x, x−1]ℓ

VΓ, Vs,ν, Vc*

dimℂ(VΓ) = dimℂ(s,ν) Vs,ν = dimℂ(Vc*) = (−1)n ⋅ χ(X) .

Topological Euler 
characteristic                                                                                           

Computing Euler characteristics
Theorem (Huh):            equals the number of critical points of 


for general 

|χ(X) |

L = log( f sxν) =
ℓ

∑
j=1

sj log fj +
n

∑
i=1

νi log xi

s, ν .

Theorem (Agostini, F., Sattelberger, Telen):
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Solving rational function equations using                                                                                            
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Solving rational function equations using                                                                                            

A = (
1 1 1 1 1 1
1 1 2 2 3 3
2 3 1 3 1 2)

vol(Conv(A)) = χ(X) = 6
11

For generic choices of the parameters: 


 

 



Example:                                                                                             

∫Γ
∏

1≤i<j<k≤7

pijk(x, y)sijk+aijkxν1+b1yν2+b2
dx
x

∧
dy
y

ℓ = (7
3) = 35, n = 6

M3,7 =
0 0 −1 1 1 1 1
0 1 0 1 x5 x6 x7

−1 0 0 1 y5 y6 y7

X = X(3,7) = Gr(3,7)∘/(ℂ*)7

i j k

χ(X(3,7)) = 1272

          
Moduli space of 7 
points in      in linearly 
general position 

ℙ2
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Theorem (ABFKST):

m 4 5 6 7 8 9
|χ(X(3,m)) | 1 2 26 1 272 188 112 74 570 400
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Theorem (ABFKST):

m 4 5 6 7 8 9
|χ(X(3,m)) | 1 2 26 1 272 188 112 74 570 400

πk,m : X(k, m + 1) ⟶ X(k, m)
Idea of proof:

fibration:πk,m χ(X(k, m + 1)) = χ(F) ⋅ χ(X(k, m)) True for          !k = 2

For           ,        is a stratified fibration: k ≥ 3 πk,m

χ(X(k, m + 1)) = χ(F) ⋅ χ(X(k, m)) + …
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Part 3: Computation with quadrics 

Pencils of Quadrics: Old and New (2021). Claudia Fevola, Yelena 
Mandelshtam, and Bernd Sturmfels. Le Matematiche 76 319-335.

Tangent Quadrics in Real 3-Space (2021). Taylor Brysiewicz, 
Claudia Fevola, and Bernd Sturmfels. Le Matematiche 76 355-367.
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Part 3: Computation with quadrics 

Pencils of Quadrics: Old and New (2021). Claudia Fevola, Yelena 
Mandelshtam, and Bernd Sturmfels. Le Matematiche 76 319-335.

Tangent Quadrics in Real 3-Space (2021). Taylor Brysiewicz, 
Claudia Fevola, and Bernd Sturmfels. Le Matematiche 76 355-367.

Applications: 
Linear Gaussian models in algebraic statistics;

Quadrics in enumerative algebraic geometry; 

Spectrahedra in optimization; 

Tensors in nonlinear algebra.   

are 
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Pencils of quadrics are two-dimensional linear subspaces in 𝕊n

ℒ = { λA + μB | λ, μ ∈ ℂ } ∈ Gr(2,𝕊n) A, B ∈ 𝕊n

xT Ax
Quadric hypersurface in ℙn−1
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The maximum likelihood estimation for Gaussians is to maximize the value of the log-likelihood function  

ℓS : 𝕊n
≻0 → ℝ
M ↦ log(det(M)) − trace(SM)

The (reciprocal) ML degree of       is the number of complex critical points of       on       (        ) 

for generic           

ℒ ℓS ℒ−1ℒ
S ∈ 𝕊n
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The maximum likelihood estimation for Gaussians is to maximize the value of the log-likelihood function  

ℓS : 𝕊n
≻0 → ℝ
M ↦ log(det(M)) − trace(SM)

The (reciprocal) ML degree of       is the number of complex critical points of       on       (        ) 

for generic           

ℒ ℓS ℒ−1ℒ
S ∈ 𝕊n

Theorem (F., Mandelshtam, Sturmfels):
Let      be a pencil of quadric with Segre symbol                          . Thenℒ σ = [σ1, …, σr]

mld(ℒ) = r − 1 and rmld(ℒ) =
r

∑
i=1

σi1 + r − 3

16



n = 4
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Real tangent quadrics 
How many smooth degree     hypersurfaces in       are tangent to                  

general linear spaces of various dimensions?          
d ℙn (n + d

d ) − 1
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Real tangent quadrics 
How many smooth degree     hypersurfaces in       are tangent to                  

general linear spaces of various dimensions?          
d ℙn (n + d

d ) − 1

There are                      quadrics in      that are 
tangent to    given quadrics        

666 841 088 ℙ3

9

[2(p + ℓ + h)]9 = 29 ∑
α+β+γ=9

9!
α!β!γ!

pαℓβhγ = 29(⋯ + 1680 ⋅ 104 +⋯ + 756 ⋅ 128+⋯)

18

Schubert (1879): 



Theorem (Brysiewicz, F., Sturmfels):
For at least 46 of the 55 problems in Schubert's triangle, there exists an open set of real instances,

consisting of      points,     lines and     planes, such that all complex solutions in      to the polynomial 
equations 


are real.    

ℙ9γβα

PiXPT
i = det(LjXLT

j ) = det(HkXHT
k ) = 0 for 1 ≤ i ≤ α, 1 ≤ j ≤ β, 1 ≤ k ≤ γ
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Thank y  u!
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